Introduction and the main results {#Sec1}
=================================
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                \begin{document}$f(s,x,t)\in C(\mathbb{R}\times\overline {Q_{T}})$\end{document}$. Comparing with \[[@CR9]\], we must pay attention on how these two nonlinear terms affect the well-posedness problem of Eq. ([1.4](#Equ4){ref-type=""}).

The condition ([1.5](#Equ5){ref-type=""}) guarantees that Eq. ([1.4](#Equ4){ref-type=""}) has not hyperbolic character. In other words, if the set $\documentclass[12pt]{minimal}
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                \begin{document}$a(x)$\end{document}$ only may be degenerate on the boundary, Eq. ([1.4](#Equ4){ref-type=""}) is a sheer degenerate parabolic equation. Thus, we can discuss its well-posedness of the usual weak solutions instead of the entropy solution.

Drawing on the experience of the linear degenerate parabolic theory, to study the well-posedness of the solutions of Eq. ([1.4](#Equ4){ref-type=""}), the initial value $$\documentclass[12pt]{minimal}
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The methods used in what follows are different from those in \[[@CR9]\], we still use the sense of the trace to define the boundary value condition ([1.7](#Equ7){ref-type=""}) or ([1.8](#Equ8){ref-type=""}). Roughly speaking, we will show that the condition $$\documentclass[12pt]{minimal}
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The definition of the weak solutions follows a Banach space which is defined as follows. For every fixed $\documentclass[12pt]{minimal}
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Definition 1.1 {#FPar1}
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Definition 1.2 {#FPar2}
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Theorem 1.3 {#FPar3}
-----------

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{i}(s,x,t)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(s,x,t)$\end{document}$ *are* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C^{1}(\mathbb{R}\times\overline{\varOmega}\times[0,T])$\end{document}$ *functions*, *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ {u_{0}} \in{L^{\infty}}(\varOmega), \qquad {a(x) } { \vert { \nabla{u_{0}}} \vert ^{p}} \in{L^{1}}( \varOmega), $$\end{document}$$ *then Eq*. ([1.4](#Equ4){ref-type=""}) *with initial value* ([1.6](#Equ6){ref-type=""}) *has a weak solution*.

Theorem 1.4 {#FPar4}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p>1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\int_{\varOmega}a(x)^{-\frac {1}{p-1}}\,dx<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{i}(s, x, t)$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(s,x,t)$\end{document}$ *be* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C(\mathbb {R}\times\overline{\varOmega}\times[0,T])$\end{document}$ *functions*. *Then the initial boundary value problem* ([1.4](#Equ4){ref-type=""})*--*([1.6](#Equ6){ref-type=""}) *and* ([1.7](#Equ7){ref-type=""}) (*or* ([1.8](#Equ8){ref-type=""})) *has a solution*.

The first aim of this paper is to prove the following stability theorems without any boundary value condition.
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Moreover, by choosing suitable test function, using the Hölder inequality, we can prove another stability theorem without any boundary value condition.
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The second aim of this paper is to prove the stability theorems based on the partial boundary value condition ([1.8](#Equ8){ref-type=""}).
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We emphasize that the conditions ([1.16](#Equ16){ref-type=""}), ([1.17](#Equ17){ref-type=""}), ([1.19](#Equ19){ref-type=""}), ([1.20](#Equ20){ref-type=""}) and ([1.23](#Equ23){ref-type=""}) are used to prove the stability of the weak solutions. In fact, only if $\documentclass[12pt]{minimal}
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The existence of the weak solutions {#Sec2}
===================================
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By the results of \[[@CR10], Sect. 8\], also referring to \[[@CR11]\], we have the following important lemma.

Lemma 2.1 {#FPar10}
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We consider the following regularized problem: $$\documentclass[12pt]{minimal}
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According to the maximum principle \[[@CR2]\], there is a constant *c* only dependent on $\documentclass[12pt]{minimal}
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At last, we are able to prove ([1.14](#Equ14){ref-type=""}) as in \[[@CR14]\], then *u* is a solution of Eq. ([1.4](#Equ4){ref-type=""}) with the initial value ([1.6](#Equ6){ref-type=""}) in the sense of Definition [1.1](#FPar1){ref-type="sec"}. Thus we have Theorem [1.3](#FPar3){ref-type="sec"}. By a similar method to \[[@CR15]\], one easily proves the following lemma, we omit the details here.

Lemma 2.2 {#FPar11}
---------
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By Theorem [1.3](#FPar3){ref-type="sec"} and Lemma [2.2](#FPar11){ref-type="sec"}, we have Theorem [1.4](#FPar4){ref-type="sec"} clearly.

The stability without the boundary value condition {#Sec3}
==================================================
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Lemma 3.1 {#FPar12}
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This is Corollary 2.1 of \[[@CR11]\].

By a similar analysis, one can generalize Lemma [3.1](#FPar12){ref-type="sec"}.

Lemma 3.2 {#FPar13}
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Proof of Theorem [1.5](#FPar5){ref-type="sec"} {#FPar14}
----------------------------------------------
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                \begin{document}$[\tau, s]\subset(0, T)$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{\tau}^{s} \int_{{\varOmega}} \phi_{n}(x){g_{n}}(u - v) \frac {\partial(u - v)}{\partial t}\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}} a(x) \bigl( \vert \nabla u \vert ^{p - 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \cdot\nabla(u - v)g'_{n}(u-v)\phi_{n}(x)\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}} a(x) \bigl( \vert \nabla u \vert ^{p(x) - 2} \nabla u - \vert \nabla v \vert ^{p(x) - 2}\nabla v \bigr) \cdot(u - v)g_{n}(u-v)\nabla\phi_{n}\, dx\, dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr]\phi _{nx_{i}}{g_{n}}(u - v)\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)_{x_{i}}\phi_{n}{g'_{n}}(u - v)\,dx\,dt \\& \quad = \int_{\tau}^{s} \int_{{\varOmega}}\bigl[f(u,x,t)-f(v,x,t)\bigr]\phi_{n}{g_{n}}(u - v)\,dx\,dt. \end{aligned}$$ \end{document}$$ In the first place, $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p - 2} \nabla u - \vert \nabla v \vert ^{p - 2}\nabla v \bigr) \cdot\nabla(u - v)g'{_{n}}(u-v)\phi_{n}(x)\,dx\geq0. $$\end{document}$$

By Lemma [3.2](#FPar13){ref-type="sec"}, using the Lebesgue dominated convergence theorem, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \int_{\tau}^{s} \int_{\varOmega}\phi _{n}(x){g_{n}}(u - v) \frac{\partial(u - v)}{\partial t}\,dx\,dt \\& \quad = \lim_{n\rightarrow\infty} \int_{\tau}^{s} \int_{\varOmega}\frac {\partial(\phi_{n}(x)G_{n}(u-v))}{\partial t}\,dx\,dt \\& \quad = \lim_{n\rightarrow\infty} \int_{\varOmega}\phi _{n}(x)\bigl[G_{n}(u-v) (x,s)-G_{n}(u-v) (x,\tau)\bigr]\,dx \\& \quad = \int_{\varOmega}|u-v|(x,s)\,dx- \int_{\varOmega}|u-v|(x,\tau)\,dx. \end{aligned}$$ \end{document}$$
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                \begin{document}$x\in\varOmega\setminus\varOmega _{\frac{1}{n}}$\end{document}$, in the other places, it is identical to zero, by the assumption of ([1.19](#Equ19){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl\vert \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \cdot \nabla \phi_{n} g{_{n}}(u-v)\,dx \biggr\vert \\& \quad = \biggl\vert \int_{\varOmega\setminus\varOmega_{\frac{1}{n}}}a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p - 2}\nabla v \bigr) \cdot\nabla \phi_{n} g{_{n}}(u-v)\,dx \biggr\vert \\& \quad \leq n \int_{\varOmega\setminus\varOmega_{\frac{1}{n}}} a(x) \bigl( \vert \nabla u \vert ^{p - 1}+ \vert \nabla v \vert ^{p- 1} \bigr)|\nabla a g{_{n}}(u-v)| \,dx \\& \quad \leq c n \biggl( \int_{\varOmega\setminus\varOmega_{\frac{1}{n}}} a(x) \bigl( \vert \nabla u \vert ^{p}+ \vert \nabla v \vert ^{p} \bigr)\,dx \biggr)^{\frac{p-1}{p}} \biggl( \int_{\varOmega\setminus\varOmega_{\frac{1}{n}}} a(x) |\nabla a|^{p}\,dx \biggr)^{\frac{1}{p}} \\& \quad \leq c \biggl[ \biggl( \int_{\varOmega\setminus\varOmega_{\frac {1}{n}}}a(x)|\nabla u|^{p}\,dx \biggr)^{\frac{p-1}{p}}+ \biggl( \int _{\varOmega\setminus\varOmega_{\frac{1}{n}}}a(x)|\nabla v|^{p}\,dx \biggr)^{\frac{p-1}{p}} \biggr] \\& \qquad {}\cdot n \biggl( \int_{\varOmega\setminus\varOmega_{\frac{1}{n}}} a(x) |\nabla a|^{p}\,dx \biggr)^{\frac{1}{p}}. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \cdot\nabla \phi_{n} g_{n}(u-v)\,dx\,dt \biggr\vert \\& \quad \leq c\lim_{n\rightarrow\infty} \int_{\tau}^{s} \biggl( \int_{\varOmega \setminus\varOmega_{\frac{1}{n}}} a(x) |\nabla a|^{p}\,dx \biggr)^{\frac{1}{p}}\,dt \\& \quad =0. \end{aligned}$$ \end{document}$$
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                \begin{document}$b_{i}(s,x,t)$\end{document}$ satisfies the condition ([1.16](#Equ16){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \begin{document}$$\bigl\vert b_{i}(u,x,t)-b_{i}(v,x,t) \bigr\vert \leq c g_{i}(x) \vert u-v \vert ,\qquad \int_{\varOmega } \bigl\vert g_{i}(x) \bigr\vert ^{\frac{p}{p-1}}a(x)^{-\frac{1}{p-1}}\,dx< \infty, $$\end{document}$$ using the Lebesgue dominated convergence theorem, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)_{x_{i}}\phi_{n}{g'_{n}}(u - v)\,dx\,dt \biggr\vert \\& \quad \leq c \lim_{n\rightarrow\infty} \int_{\tau}^{s} \int_{{\varOmega \setminus\varOmega_{\frac{1}{n}}}} \bigl\vert {g'_{n}}(u - v) (u-v)g_{i}(x)a^{-\frac{1}{p}} \bigr\vert \bigl\vert a(x)^{\frac {1}{p}}(u-v)_{x_{i}}\phi_{n} \bigr\vert \,dx\,dt \\& \quad \leq c\lim_{n\rightarrow\infty} \biggl( \int_{\tau}^{s} \int _{\varOmega\setminus\varOmega_{\frac{1}{n}}}a(x) \bigl(|\nabla u|^{p}+|\nabla v|^{p} \bigr)\,dx\,dt \biggr)^{\frac{1}{p}} \\& \qquad {}\cdot \biggl( \int_{\tau}^{s} \int_{\varOmega} \bigl\vert {g'_{n}}(u - v) (u-v)g_{i}(x)a(x)^{-\frac{1}{p}} \bigr\vert ^{\frac{p}{p-1}}\,dx\,dt \biggr)^{\frac{p-1}{p}} \\& \quad =0. \end{aligned}$$ \end{document}$$

Last but not least, by condition ([1.18](#Equ18){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document}$g_{i}(x)|_{x\in\partial \varOmega}=0$\end{document}$, we clearly have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr]\phi_{nx_{i}}{g_{n}}(u - v)\,dx\,dt \biggr\vert \\& \quad \leq\lim_{n\rightarrow\infty} \int_{\tau}^{s}n \int_{{\varOmega }} \vert u-v \vert \bigl\vert g_{i}(x) \bigr\vert \vert a_{x_{i}} \vert \,dx\,dt \\& \quad \leq c\lim_{n\rightarrow\infty} \int_{\tau}^{s}n \int_{{\varOmega }} \bigl\vert g_{i}(x) \bigr\vert \vert a_{x_{i}} \vert \,dx\,dt \\& \quad = \int_{\tau}^{s} \int_{\partial\varOmega} \bigl\vert g_{i}(x) \bigr\vert \vert a_{x_{i}} \vert \,d\varSigma \,dt \\& \quad =0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{{\varOmega }}\bigl[f(u,x,t)-f(v,x,t)\bigr](u-v) \phi_{n}{g_{n}}(u - v)\,dx\,dt \biggr\vert \\& \quad \leq \int_{\tau}^{s} \int_{\varOmega}|u-v|\,dx\,dt \\& \quad =0. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned}& \int_{\varOmega}\bigl\vert u(x,s) - v(x,s) \bigr\vert \,dx \\& \quad \leqslant \int _{\varOmega}\bigl\vert u(x,\tau) - {v(x,\tau)} \bigr\vert \,dx +c \biggl( \int_{0}^{t} \int_{\varOmega}|u-v|\,dx\,dt \biggr)^{l},\quad \forall t \in[0,T), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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By ([3.10](#Equ52){ref-type=""}), we easily to get $$\documentclass[12pt]{minimal}
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                \begin{document}$$\int_{\varOmega}\bigl\vert u(x,s) - v(x,s) \bigr\vert \,dx \leqslant \int _{\varOmega}\bigl\vert u(x,\tau) - {v(x,\tau)} \bigr\vert \,dx, $$\end{document}$$ and by the arbitrariness of *τ*, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\int_{\varOmega}\bigl\vert u(x,s) - v(x,s) \bigr\vert \,dx \leqslant \int _{\varOmega}\bigl\vert {u_{0}}(x) - {v_{0}}(x) \bigr\vert \,dx. $$\end{document}$$ □

Proofs of Theorem [1.6](#FPar6){ref-type="sec"} and Theorem [1.7](#FPar7){ref-type="sec"} {#Sec4}
=========================================================================================

Proof of Theorem [1.6](#FPar6){ref-type="sec"} {#FPar15}
----------------------------------------------
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                \begin{document}$v(x,t)$\end{document}$ be two weak solutions of Eq. ([1.4](#Equ4){ref-type=""}) with the initial values $\documentclass[12pt]{minimal}
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                \begin{document}$v_{0}(x)$\end{document}$, respectively.
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                \begin{document}$$ \phi_{m}(x)= \textstyle\begin{cases} 1, & \mbox{if } x\in\varOmega_{\frac{1}{m}}, \\ ma(x), & \mbox{if } x\in\varOmega\setminus\varOmega_{\frac{1}{m}}. \end{cases} $$\end{document}$$ By a limit process, we can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\chi_{[\tau,s]}{g_{n}}(\phi_{m}(u - v))$\end{document}$ as the test function, then $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \int_{\tau}^{s} \int_{{\varOmega}} {g_{n}}\bigl(\phi_{m}(u - v) \bigr)\frac {\partial(u - v)}{\partial t}\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}} a(x) \bigl( \vert \nabla u \vert ^{p - 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \cdot\nabla(u - v)g'_{n}\bigl(\phi_{m}(u - v)\bigr) \phi_{m}(x)\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}} a(x) \bigl( \vert \nabla u \vert ^{p(x) - 2} \nabla u - \vert \nabla v \vert ^{p(x) - 2}\nabla v \bigr) \cdot(u - v)g'_{n}\bigl(\phi_{m}(u - v)\bigr)\nabla\phi _{n}\, dx\, dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)\phi _{mx_{i}}{g'_{n}}\bigl( \phi_{m}(u - v)\bigr)\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)_{x_{i}}\phi_{n}{g'_{n}} \bigl(\phi_{m}(u - v)\bigr)\,dx\,dt \\& \quad = \int_{\tau}^{s} \int_{\varOmega}\bigl[f(u,x,t)-f(v,x,t)\bigr]g_{n}\bigl( \phi_{m}(u-v)\bigr)\,dx\,dt. \end{aligned}$$ \end{document}$$ Certainly, we still have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p - 2} \nabla u - \vert \nabla v \vert ^{p - 2}\nabla v \bigr) \cdot\nabla(u - v)g'{_{n}}\bigl(\phi_{m}(u - v)\bigr) \phi_{m}(x)\,dx\geq0. $$\end{document}$$

By Lemma [3.2](#FPar13){ref-type="sec"}, using the Lebesgue dominated convergence theorem, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{m\rightarrow\infty}\lim_{n\rightarrow\infty} \int_{\tau }^{s} \int_{\varOmega}{g_{n}}\bigl(\phi_{m}(u - v) \bigr)\frac{\partial(u - v)}{\partial t}\,dx\,dt \\& \quad = \lim_{m\rightarrow\infty}\lim_{n\rightarrow\infty} \int_{\tau }^{s} \int_{\varOmega}\frac{\partial G_{n}(\phi_{m}(u - v))}{\partial t}\,dx\,dt \\& \quad = \lim_{m\rightarrow\infty}\lim_{n\rightarrow\infty} \int_{\varOmega}\frac{1}{\phi_{m}(x)}\bigl[G_{n}\bigl( \phi_{m}(u - v)\bigr) (x,s)-G_{n}\bigl(\phi_{m}(u - v)\bigr) (x,\tau)\bigr]\,dx \\& \quad = \int_{\varOmega}|u-v|(x,s)\,dx- \int_{\varOmega}|u-v|(x,\tau)\,dx. \end{aligned}$$ \end{document}$$
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                \begin{document}$x\in\varOmega\setminus \varOmega_{\frac{1}{m}}$\end{document}$, in the other places, it is identical to zero, by the fact that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty}g'_{n}(s)s=0, \\& \int_{\varOmega}a(x)^{1-p}|\nabla a|^{p}\,dx< \infty, \end{aligned}$$ \end{document}$$ using the Lebesgue dominated convergence theorem, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \nabla \phi_{m} (u-v)g'_{n}\bigl(\phi_{m}(u - v)\bigr)\,dx \biggr\vert \\& \quad =\lim_{n\rightarrow\infty} \biggl\vert \int_{\varOmega\setminus\varOmega _{\frac{1}{m}}}a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p - 2}\nabla v \bigr) \frac{\nabla\phi _{m}}{\phi_{m}}\phi_{m} (u-v)g'_{n}\bigl( \phi_{m}(u - v)\bigr)\,dx \biggr\vert \\& \quad \leq c\lim_{n\rightarrow\infty} \biggl( \int_{\varOmega\setminus \varOmega_{\frac{1}{m}}} a(x) \bigl( \vert \nabla u \vert ^{p}+ \vert \nabla v \vert ^{p} \bigr)\,dx \biggr)^{\frac{p-1}{p}} \\& \qquad {}\cdot \biggl( \int_{\varOmega\setminus\varOmega_{\frac{1}{m}}} a(x) \biggl\vert \frac{\nabla a}{a} \phi_{m} (u-v)g'_{n}\bigl(\phi_{m}(u - v)\bigr) \biggr\vert ^{p}\,dx \biggr)^{\frac{1}{p}} \\& \quad = 0. \end{aligned}$$ \end{document}$$
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                \begin{document}$b_{i}(s,x,t)$\end{document}$ satisfies the condition ([1.18](#Equ18){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \begin{document}$$\bigl\vert b_{i}(u,x,t)-b_{i}(v,x,t) \bigr\vert \leq c g_{i}(x) \vert u-v \vert , \qquad \int_{\varOmega } \bigl\vert g_{i}(x) \bigr\vert ^{\frac{p}{p-1}}a(x)^{-\frac{1}{p-1}}\,dx< \infty, $$\end{document}$$ using the Lebesgue dominated convergence theorem, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)_{x_{i}}\phi_{m}{g'_{n}} \bigl(\phi_{m}(u - v)\bigr)\,dx\,dt \biggr\vert \\& \quad \leq c \lim_{n\rightarrow\infty} \int_{\tau}^{s} \int_{{\varOmega }} \bigl\vert {g'_{m}}\bigl( \phi_{m}(u - v)\bigr)\phi _{m}(u-v)\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr]a^{-\frac{1}{p}} \bigr\vert \\& \qquad {}\times\bigl\vert a^{\frac {1}{p}}(u-v)_{x_{i}} \bigr\vert \,dx\,dt \\& \quad \leq c\lim_{n\rightarrow\infty} \biggl( \int_{\tau}^{s} \int _{\varOmega}a\bigl(|\nabla u|^{p}+|\nabla v|^{p}\bigr)\,dx\,dt \biggr)^{\frac{1}{p}} \\& \qquad {}\times\biggl( \int_{\tau}^{s} \int_{\varOmega} \bigl\vert {g'_{n}}(u - v) (u-v)g_{i}(x)a^{-\frac{1}{p}} \bigr\vert ^{\frac{p}{p-1}}\,dx\,dt \biggr)^{\frac{p-1}{p}} \\& \quad =0. \end{aligned}$$ \end{document}$$
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                \begin{document}$$\int_{\varOmega} \biggl\vert \frac{a_{x_{i}}}{a} \biggr\vert \,dx \leq \biggl( \int _{\varOmega} \bigl\vert a(x)^{-\frac{1}{p}}g_{i}(x) \bigr\vert ^{\frac{p}{p-1}}\,dx \biggr)^{\frac{p-1}{p}} \biggl( \int_{\varOmega}a(x) \biggl\vert \frac{\nabla a}{a} \biggr\vert ^{p}\,dx \biggr)^{\frac{1}{p}}\leq c, $$\end{document}$$ using the Lebesgue dominated convergence theorem, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)\phi_{mx_{i}}{g'_{n}}\bigl( \phi_{m}(u - v)\bigr)\,dx\,dt \biggr\vert \\& \quad \leq\lim_{n\rightarrow\infty} \int_{\tau}^{s} \int_{{\varOmega }} \bigl\vert \phi_{m}(u-v){g'_{n}} \bigl(\phi_{m}(u - v)\bigr) \bigr\vert \bigl\vert g_{i}(x) (u-v) \bigr\vert \biggl\vert \frac {a_{x_{i}}}{a} \biggr\vert \,dx\,dt \\& \quad =0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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By ([4.8](#Equ60){ref-type=""}), we easily get $$\documentclass[12pt]{minimal}
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                \begin{document}$$\int_{\varOmega}\bigl\vert u(x,s) - v(x,s) \bigr\vert \,dx \leqslant \int _{\varOmega}\bigl\vert u(x,\tau) - {v(x,\tau)} \bigr\vert \,dx, $$\end{document}$$ and by the arbitrariness of *τ*, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\int_{\varOmega}\bigl\vert u(x,s) - v(x,s) \bigr\vert \,dx \leqslant \int _{\varOmega}\bigl\vert {u_{0}}(x) - {v_{0}}(x) \bigr\vert \,dx. $$\end{document}$$ □

Proof of Theorem [1.7](#FPar7){ref-type="sec"} {#FPar16}
----------------------------------------------
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                \begin{document}$$ \varphi_{m}(x)= \textstyle\begin{cases} 1, & \mbox{if } x\in\varOmega_{\frac{2}{m}}, \\ m(a(x)-\frac{1}{m}), & \mbox{if } x\in\varOmega_{\frac{1}{m}}\varOmega _{\frac{2}{m}}, \\ 0, & \mbox{if } x\in\varOmega\setminus\varOmega_{\frac{1}{m}}. \end{cases} $$\end{document}$$ By a limit process, we can choose $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \int_{\tau}^{s} \int_{{\varOmega}} {g_{n}}\bigl(\varphi_{m}(u - v)\bigr)\frac {\partial(u - v)}{\partial t}\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}} a(x) \bigl( \vert \nabla u \vert ^{p - 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \cdot\nabla(u - v)g'_{n}\bigl(\varphi_{m}(u - v)\bigr) \varphi_{m}(x)\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega}} a(x) \bigl( \vert \nabla u \vert ^{p(x) - 2} \nabla u - \vert \nabla v \vert ^{p(x) - 2}\nabla v \bigr) \cdot(u - v)g'_{n}\bigl(\varphi_{m}(u - v)\bigr)\nabla \varphi _{n}\, dx\, dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)\varphi_{mx_{i}}{g'_{n}}\bigl( \varphi_{m}(u - v)\bigr)\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)_{x_{i}}\varphi_{m}{g'_{n}} \bigl(\varphi_{m}(u - v)\bigr)\,dx\,dt \\& \quad = \int_{\tau}^{s} \int_{{\varOmega}}\bigl[f(u,x,t)-f(v,x,t)\bigr]{g_{n}}\bigl( \varphi _{m}(u - v)\bigr)\,dx\,dt. \end{aligned}$$ \end{document}$$ Similarly, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p - 2} \nabla u - \vert \nabla v \vert ^{p - 2}\nabla v \bigr) \cdot\nabla(u - v)g'{_{n}}\bigl(\varphi_{m}(u - v)\bigr) \varphi_{m}(x)\,dx\geq0 $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{m\rightarrow\infty}\lim_{n\rightarrow\infty} \int_{\tau }^{s} \int_{\varOmega}{g_{n}}\bigl(\varphi_{m}(u - v) \bigr)\frac{\partial(u - v)}{\partial t}\,dx\,dt \\& \quad = \lim_{m\rightarrow\infty}\lim_{n\rightarrow\infty} \int_{\tau }^{s} \int_{\varOmega}\frac{\partial G_{n}(\varphi_{m}(u - v))}{\partial t}\,dx\,dt \\& \quad = \lim_{m\rightarrow\infty}\lim_{n\rightarrow\infty} \int_{\varOmega}\frac{1}{\varphi_{m}(x)}\bigl[G_{n}\bigl( \varphi_{m}(u - v)\bigr) (x,s)-G_{n}\bigl( \varphi_{m}(u - v)\bigr) (x,\tau)\bigr]\,dx \\& \quad = \int_{\varOmega}|u-v|(x,s)\,dx- \int_{\varOmega}|u-v|(x,\tau)\,dx. \end{aligned}$$ \end{document}$$
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                \begin{document}$$ \int_{\varOmega_{\frac{1}{m}}\setminus \varOmega_{\frac{1}{m}}}|\nabla u|^{p}\,dx\leq \int_{\varOmega_{\frac{1}{m}}}|\nabla u|^{p}\,dx< c(m), $$\end{document}$$ which yields $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{\varOmega_{\frac{1}{m}}\setminus \varOmega_{\frac{2}{m}}}|\nabla u|^{p-1}\,dx\leq \int_{\varOmega_{\frac{1}{m}}}|\nabla u|^{p-1}\,dx< c(m). $$\end{document}$$ By the fact that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lim_{n\rightarrow\infty}g'_{n}(s)s=0, $$\end{document}$$ and the assumption of ([1.20](#Equ20){ref-type=""}), using the Lebesgue dominated convergence theorem, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \nabla \varphi_{m} (u-v)g'_{n}\bigl( \varphi_{m}(u - v)\bigr)\,dx \biggr\vert \\& \quad =\lim_{n\rightarrow\infty} \biggl\vert \int_{\varOmega_{\frac {1}{m}}\setminus\varOmega_{\frac{2}{m}}}a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p - 2}\nabla v \bigr) \frac{\nabla\varphi_{m}}{\phi_{m}}\varphi_{m} (u-v)g'_{n}\bigl( \varphi_{m}(u - v)\bigr)\,dx \biggr\vert \\& \quad \leq\lim_{n\rightarrow\infty} \int_{\varOmega_{\frac{1}{m}}\setminus \varOmega_{\frac{2}{m}}} \bigl( \vert \nabla u \vert ^{p- 1}+ \vert \nabla v \vert ^{p - 1} \bigr) \frac{|\nabla a|}{a(x)-\frac {1}{m}}| \varphi_{m} (u-v)g'_{n}\bigl( \varphi_{m}(u - v)\bigr)\,dx \\& \quad = 0. \end{aligned}$$ \end{document}$$
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                \begin{document}$b_{i}(s,x,t)$\end{document}$ is a Lipschitz function, using Lebesgue dominated convergence theorem, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{{\varOmega }}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)_{x_{i}}\varphi_{m}{g'_{n}} \bigl(\varphi_{m}(u - v)\bigr)\,dx\,dt \biggr\vert =0, $$\end{document}$$ obviously.

Last but not least, by ([1.21](#Equ21){ref-type=""}) using the Lebesgue dominated convergence theorem, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{{\varOmega_{\frac {1}{m}}\setminus\varOmega_{\frac {2}{m}}}}\bigl[b_{i}(u,x,t)-b_{i}(v,x,t) \bigr](u-v)\phi_{mx_{i}}{g'_{n}}\bigl( \phi_{m}(u - v)\bigr)\,dx\,dt \biggr\vert \\& \quad \leq\lim_{n\rightarrow\infty} \int_{{\varOmega}} \bigl\vert \phi _{m}(u-v){g'_{n}} \bigl(\phi_{m}(u - v)\bigr) \bigr\vert \bigl\vert (u-v) \bigr\vert \biggl\vert \frac{\nabla a}{a(x)-\frac{1}{m}} \biggr\vert \,dx\,dt \\& \quad =0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \biggl\vert \int_{\tau}^{s} \int_{\varOmega }\bigl[f(u,x,t)-f(v,x,t)\bigr](u-v){g_{n}} \bigl(\varphi_{m}(u - v)\bigr)\,dx\,dt \biggr\vert \\& \quad \leq \int_{\tau}^{s} \int_{\varOmega}|u-v|\,dx\,dt. \end{aligned}$$ \end{document}$$ Now, after letting $\documentclass[12pt]{minimal}
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                \begin{document}$m\rightarrow\infty$\end{document}$ in ([4.10](#Equ62){ref-type=""}). Then we have the conclusion. □

The usual boundary value condition {#Sec5}
==================================

By Lemma [2.2](#FPar11){ref-type="sec"}, if $\documentclass[12pt]{minimal}
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                \begin{document}$\int_{\varOmega}a(x)^{-\frac{1}{p-1}}\,dx<\infty$\end{document}$, then we can define the trace of *u* on the boundary *∂Ω*. If one imposes the usual boundary value condition ([1.7](#Equ7){ref-type=""}), the stability of the weak solutions is true. For the completeness of the paper, we also give this conclusion and its proof here.

Theorem 5.1 {#FPar17}
-----------
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                \begin{document}$b_{i}(s,x,t)$\end{document}$ *be Lipschitz functions*. *If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\int_{\varOmega} \bigl\vert u(x,t)-v(x,t) \bigr\vert \,dx\leq \int_{\varOmega} \bigl\vert u_{0}(x)-v_{0}(x) \bigr\vert \,dx. $$\end{document}$$

Proof {#FPar18}
-----

By a limit process, we can choose $\documentclass[12pt]{minimal}
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                \begin{document}$\chi_{[\tau ,s]}{g_{n}}(u - v)$\end{document}$ as a test function. Then $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \int_{\tau}^{s} \int_{\varOmega} g_{n}(u - v)\frac{\partial(u - v)}{\partial t}\,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p- 2}\nabla v \bigr) \cdot \nabla(u - v)g'_{n}(u-v) \,dx\,dt \\& \qquad {}+ \int_{\tau}^{s} \int_{\varOmega}\bigl[b_{i}(u,x,t))-b_{i}(v,x,t) \bigr](u - v)_{x_{i}}g'_{n}(u-v) \,dx\,dt \\& \quad = \int_{\tau}^{s} \int_{\varOmega}\bigl[f(u,x,t)-f(v,x,t)\bigr]g_{n}(u-v)\,dx \,dt. \end{aligned}$$ \end{document}$$
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                \begin{document}$$ \int_{\tau}^{s} \int_{\varOmega} a(x) \bigl( \vert \nabla u \vert ^{p- 2} \nabla u - \vert \nabla v \vert ^{p - 2}\nabla v \bigr) \cdot\nabla(u - v)g'_{n}(u-v)\,dx \,dt\geq0. $$\end{document}$$

By Lemma [3.2](#FPar13){ref-type="sec"}, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{n\rightarrow\infty} \int_{\tau}^{s} \int_{\varOmega}g_{n}(u - v)\frac{\partial(u - v)}{\partial t}\,dx\,dt \\& \quad =\lim_{n\rightarrow\infty} \int_{\varOmega }\bigl[G_{n}(u-v) (x,s)-G_{n}(u-v) (x,\tau)\bigr]\,dx \\& \quad = \int_{\varOmega}|u-v|(x,s)\,dx- \int_{\varOmega}|u-v|(x,\tau) \,dx. \end{aligned}$$ \end{document}$$
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                \begin{document}$a(x)$\end{document}$ may be degenerate on the boundary, the usual boundary value condition ([1.7](#Equ7){ref-type=""}) is overdetermined \[[@CR9]\]. Obviously, Theorem [1.8](#FPar8){ref-type="sec"} has solved this problem partially.

Proof of Theorem [1.8](#FPar8){ref-type="sec"} {#FPar19}
----------------------------------------------
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                \begin{document}$\chi_{[\tau,s]}\phi_{n}(x){g_{n}}(u - v)$\end{document}$ as a test function. By the condition ([1.23](#Equ23){ref-type=""}), similar to the proof Theorem [1.5](#FPar5){ref-type="sec"}, we are able to show the conclusion of Theorem [1.8](#FPar8){ref-type="sec"}, we omit the details here. □

The uniqueness of the solution {#Sec6}
==============================

In this section, we will prove Theorem [1.9](#FPar9){ref-type="sec"}.

Proof of Theorem [1.9](#FPar9){ref-type="sec"} {#FPar20}
----------------------------------------------
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By Lemma [3.1](#FPar12){ref-type="sec"}, $$\documentclass[12pt]{minimal}
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From ([6.2](#Equ78){ref-type=""})--([6.7](#Equ83){ref-type=""}), by ([6.1](#Equ77){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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Conclusion {#Sec7}
==========

Compared with our previous work \[[@CR10]\], not only is the equation considered in this paper more general, but also the conclusions are much better. In particular, the uniqueness of the weak solution based on a partial boundary value condition (Theorem [1.9](#FPar9){ref-type="sec"}) is always true. This conclusion is more or less beyond one's imagination. Benedikt et al. had considered the equation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ {u_{t}} = \operatorname{div} \bigl({ \vert {\nabla u} \vert ^{p - 2}}\nabla u\bigr) + q(x)|u|^{\gamma-1}u , $$\end{document}$$ and showed that the uniqueness of the solution is not true \[[@CR16]\]. But Theorem [1.9](#FPar9){ref-type="sec"} in this paper implies that, only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{t}\in W'(Q_{T})$\end{document}$, the uniqueness of the solution to Eq. ([7.1](#Equ85){ref-type=""}) is true.

**Publisher's Note**

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Acknowledgements {#FPar23}
================

The author would like to thank everyone for their help!

Availability of data and materials {#FPar24}
==================================

No applicable.

The author read and approved the final manuscript.

The paper is supported by Natural Science Foundation of Fujian province, supported by Science Foundation of Xiamen University of Technology, China.

Competing interests {#FPar21}
===================

The author declares to have no competing interests.
